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ABS TRACT 


This thesis concerns the linear in order differential 
operator with leading coefficient 1 and the disconjugacy of the operator 
on certain intervals. Of particular interest is the case of intervals 
with singular endpoints where ates usual notion of a zero of a function 
breaks down and with it the meaning of disconjugacy on such an interval. 
In this regard the concept of a generalized zero as developed by Levin 
is discussed and the development of generalized derivatives is given from 
Willett and Muldowney. The application of this to the definition of 
disconjugacy on the closed interval in case of singular endpoints and a 
necessary and sufficient condition in terms of Descartes systems of 
solutions for disconjugacy is given. 

A version of a theorem of Muldowney may be stated as: L is 
an iat order linear differential equation with leading coefficient 1 
which is disconjugate on [a,b], f is an n times differentiable 
function on (a,b) with eG = Oe HU ely Leet en cre oe 
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This is a generalization of a theorem of Pélya. Both these theorems 


are given and proved by an alternate method. The method was suggested 
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by Pélya. 

Finally some corollaries of the Muldowney theorem are used to 
obtain bounds on general first, second and third order operators in 
terms of special first, second and third order linear operators with 
constant coefficients. 

The thesis is largely exporitory. However, the proof of the 
generalized Pélya theorem is new. Several of the applications in 


Chapter IV are also new. 


(v) 


étiores oe 
/ diva bein oy 
en hiciee Lee Eytvoyy tna 
hs ea — > ais Oe pam 
oat Saees Cediiodee ebay’ ol ohutith ott 
aL anolsnatiqgn ex la (easveb): vie ot movorda sqEne veal a roeemy 
sat selp sew V7 Tasqeiey,. 


» 
y 


CHAPTER 


ue 


hie 


jog ia 


TABLE OF CONTENTS 


ABSTRACT . 
INTRODUCTION . 


Linear Differential Operators 


Principal Systems of Solutions and 
Generalized Zeros 


Extension of the Definition of 


Disconjugacy . 


Markov and Descartes Systems .. 


Relationships Between Principal Systems 


and Markov and Descartes Systems 


Fundamental Principal Systems 


Generalized Derivatives 


ABSTRACT . 


e 


A PROOF OF POLYA'S THEOREM . 


Background . 


Polya's Theorem 


Some Facts About Generalized Derivatives 


Pélya's Theorem with Singular Endpoints 


Some Operators from J.S. Muldowney 


The Main Theorem . 


Examples . 


A Corollary; Pélya's Mean Value Theorem 


ABSTRACT 
APPLICATIONS 


Preliminaries 


Inequalities Involving 


Operator 


Inequalities Involving 


Operator . 


Inequalities Involving 


Operator. . 


REFERENCES 


e ° 


(vi) 


e 


a 


a 


a 


First Order 


Second Order 


Third Order 


15 


76 


81 


ae 


i > rr a wit Is oneacrvase® 


pe tr te ee es oa 
Seer a | OE ta Yee bee mocha 


# 
Es 

= by bauast teen gh) syidaorroul et 
a palen & « Garey Suikcane 36: om Une 
is 
a 


» « B * @  €. «4 Sess se uhinteF er 


Pe a ee ee pe la Sv isa be WSL 5-7 amie, 


at i Cemoe ce ow ar se ee «, 4 MMR eea 
ts voce Wie eS op nS sine a rome 
of Wnt ea. see . tw es ke ) Dopepalge 
St ie P+ wield «wes iW iS ../ Meyoa? e'egiae 
RE ‘ é asvhzay teal Lett far siad Suh o> 8 aed 
a oo iene re lirgalle eG nepeie etweth 
en ale « Marbiah PAS ory «rolls esl some 
ta pe S a 6 et ee ie eva oe!) GapeetT sR eat 
- - 

vs 


{, =4.9 =“) ») @ ss # ioe ofp oe ee * ae 3 
é es MPRORNT slay ana} sh eT Scr ae| 


Be : +. =) «@ -& s+ «= * 9 a a 7 . = © TCP TSaA 
eg nd ew & a = © @ Of 4 ° e Ln | gi +3 oP IDIOT 
- 1 anppcvecterd ta 


verde ue? St Sania 
he e's vise _¢ intend 


Fa Be ee 


CHAPTER I 


ABSTRACT 


The first chapter has two main objectives. 

The first objective is to overcome the problem of defining 
disconjugacy in cases where one or both of the endpoints of the interval 
in question are singular. This problem is resolved in the work of Levin 
and this first chapter is an exposition on his work. Levin conceived the 
concept of a generalized zero using principal systems of solutions. These 
generalized zeros allow for the extension of the definition of disconjugacy 
to intervals with singular endpoints. 

The second objective is to show that every see order linear 
differential operator with leading coefficient 1 which is disconjugate 
on an interval [a,b] has a fundamental principal system of solutions 
which is Descartes on (a,b) and that the existence of such a system 
of solutions for such an operator implies the disconjugacy of that 


operator on [a,b]. 
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CHAPTER I 


INTRODUCTION 


Linear Differential Operators 


Let I be an interval of the real line. The general ae 


order linear differential operator L is defined by 


ARS i Pe aa +... + pi(t)x(t). The functions 


Lx(t) = 
Pp, (t) are continuous real valued functions with domain I. A solution 
of the equation Lx = 0 is a function x(t) which is n times con- 
tinuously differentiable and which satisfies the equation Lx(t) = 0 for 
GWbie. je oh sel he 

Alternatively, L is defined with the p, (t) being elements 
of loc pac) in wibenecase mux (tL)L ts raesolution or eLxe= OL ate sx is 
in loc Nees) and Lx(t) = 0 almost everywhere in I. The two 
definitions are not the same and here the first is used except where it 
is otherwise stated. 

A tunction. st (t) ~is said to have a zero of multiplicity —k 

1 e 

at a point to paces f(t.) =f (t.) =... p(k eh) = 0 and 


ONE 9 tg eh. Tene g 6k) 


(t.) does not exist. The symbolism Z_(t)) =k 

denotes this fact. The total number of zeros of f on the interval I 

is Z, (1) = ane Z,(t). The concept of the number of zeros of a function 

gives a means of classifying a order linear differential operators. 
If all nontrivial solutions of Lx = 0 are such that 

Z (1) <n-1 then L is called disconjugate on the interval I. The 


interval is important here. For example Lx = x". + x is disconjugate on 


[Omije but not on™ [Oumjn. Invfact: Proposition ly of Chapter73 oF [1] proves 
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that given a compact interval I anda linear differential operator L, 
there is a number 6 > 0 so that L is disconjugate on every subinterval 
Cte yor leneth slessythan 0 

If the interval I is open then two kinds of endpoints are 
distinguished with respect to an operator L. If the endpoint is + 
or if on some neighborhood of the endpoints relative to its the closure 
Ofgelrepat leastsonesotsthe p, (t) is not integrable then the endpoint 
is called singular. In all other cases the endpoint is nonsingular. 
Endpoints are also classified in another way. An endpoint of I is non- 
oscillatory if the number of zeros of every nontrivial solution of Lx = 0 
is less than n in some neighborhood, relative to Th of the endpoint. 
In this sense Lx = x'' + x does not have a nonoscillatory endpoint at ~ 
since all solutions of Lx = 0 are of the form asin t +b cos t where 
a, b are constant—But asin t + b cos t is zero when tan t = —- b/a 
which happens once every half open interval of length fT. 


The two classifications of endpoints are not completely 


unrelated for all non-singular endpoints are nonoscillatory. 


Principal Systems of Solutions and Generalized Zeros 


The equation Lx = 0 has a system of n _ Ilinearly independent 
solutions for L of order n. On an interval I it may be possible to 
find a set of solutions {uj sU5s+--sut which are not only linearly 
independent solutions of Lx = 0 but which are strictly positive on a 
neighborhood of one of the endpoints and for which the limit uy (t)/ay 4 (t)3 


k = 1,2,...,n-l1 as t approaches that endpoint is zero. Such a system 


of solutions is called a principal system of solutions at the endpoint. 


~y = enna. va! 

vay ads a i eR inched ane aE 

Soteehes wit deli sfutigetnt doe as: Ya) “<te t0 sented oe ii & 
Sealighrerse dx rareche> ads eeses Widsn. tie ot aalsigete wiles Ot 

din ds 4 ¥e snpebea oh New Sete Be riety ote om alee J 


O.siad to apap fekvarimue peers tanner bi sein a Th eengetods 

Futuntine ads-te Xo Ad BtarGer) ventalgten cave ah a mdi deat et 

= oe eefegtian exodalliiveooun's Gtk co ape ¢ + "A © od dacee 0) #2 RE 
eude 2.60 de Ria a, got wt os owl 94 pi ‘6 fevbvatne Jie monde 7 
eld =< = oes nedy Otes cl 1 gop de pein 1c J heebenes ore Oe 

7 igren ts LavAterinkee- Hn cree anae ante este 

Visa tgion Son atn areregbae Lo-wadlrnol Ticats ews wil 
{er ell ivannen ais sialoghas: wilugete-nat Lia rot weelemn 


eae nee a settee Glade Sd , srdieche off 


4 cat inn at 3 lavvarainacmm <n awbto° ty Foot 


Seinitl sim seed ne, Hees wradntee lu tone 


a 


The next lemmas discuss this possibility. 


LEMMA 1.1 fet L be an Th eset gala whan evere differential operator with 
coeffictents in Clasb) and let b be a nonoscillatory endpoint for L. 
PF Zz, (t) and Zz, (t) are linearly tndependent soluttons of Lx = 0 
which are strictly posttive on a neighborhood (c,b) of b, then 

lim_ f(t) exists and is in [0,] where f(t) = 2, (t)/z,(t). 


Reale, 


Proot. ) siuce Z4 and Z, are positiyeron™ (c,b) Ors" lim int f(t) < 
iy ade) 


pmesupeo(t) es3o Lee lim haben (a G ey Ds yeh sae SupaiA ct) =e cheng. (te) a= od 
ie a |p ie = |b (6 = 


for some t in every neighborhood of b. Therefore z(t) = z,(t) - dz, (t) 
which is a solution of Lx = 0 has a zero in every neighborhood of b. 
However b is assumed to be a nonoscillatory endpoint and so this cannot 
happen. This contradiction proves the lemma. 

The next lemma is Lemma 2.1 of Levin's paper [4]. This lemma 


provides for the existence of principal systems of solutions. 


LEMMA 1.2 JIfc ts a nonosctllatory endpoint for L then L has a 


principal system of soluttons at c. 


Proof. Tet, ol.= (a.b)) and let c=) b. PLet {z,(t) sz (t),...,2 (t)} 
be a linearly independent set of solutions of Lx = 0. Since the 
endpoint b is assumed nonoscillatory each of the a has at most n-l 
zeros on some neighborhood of b. Since there are at most a finite 
number of zeros for the Z. on that interval there is a point d in 


(a,b) such that none of the Z. have any zeros in (d,b). Therefore 
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each of the Z5 is of constant sign on (d,b). Multiplying one of the 
Zs Dieta lenin thesset ZyoZoreereZ, does not affect the linear 
independence of the set and so it may be assumed that all of the z, are 
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point will depend on a given linear differential operator. For example 
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Extension of the Definition of Disconjugacy 


Once the notion of a zero of a solution is extended to the 
singular endpoints of an interval it becomes possible to extend the 
concept of disconjugacy to the closed interval with singular endpoints. 
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The next two lemmas relate disconjugacy on (a,b) to discon- 
jugacy on [a,b) and (a,b]. The Lemma 1.4 appears in Levin [4] as 
Lemma 2.2 where it is given without proof. The present proof is due to 


J.S. Muldowney. 
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The statement and proof of the next lemma are found in Levin [4] 
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Markov and Descartes Systems 
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adding of multiples of one column to another and the factoring out of 


elements common to a row or column therefore gives the lemma. 
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The next lemma is Lemma 4 of Chapter III of [1]. 
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Proof. Both sides of the desired equality are linear differential 
operators of order k . The solution of both equations formed by 
setting the operators equal to zero is the set LY sore o¥y4 

, k 
of linearly independent functions. Also the coefficient of = ) 
i kee in both ‘ 
is Wer Op Yoo oY, Wy» Yoo : y,) in bo cases 
Therefore the two operators are the same operator and the lemma 
is proved. 


The next lemma is Lemma 5 of Chapter III of [1]. 
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Proof. The proof is essentially the same as the proof of the last lemma. 
W.A. Coppel uses the last lemma and a nice induction to find 

a simpler criteria for a system to be Descartes. This is Proposition 4 

of Chapter MLL lof (ie 
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Proof. The lemma is true for n= 1. For n Ilarger than 1 assume 
that the lemma is true for systems having n-l or less elements. Then 
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ih 2 k 
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is shifted to the left k-j places in each Wronskian in which it occurs. 


with ys in the role of x of the previous lemma. Here however 
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Relationships Between Principal Systems and Markov and Descartes Systems 


The next lemma relates principal systems of solutions to 


Descartes systems. It is part b of Theorem 2.1 in Levin [4]. 
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Proof. The proof is by induction on the number of functions n. If 


n= 2 then u u is a principal system of solutions at b implies 


WB dl 2 
lim (u,/u ) = ©, Since W,(u,,u,) # 0 ona neighborhood of b, 
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W, Cu, uy) is of one sign on a neighborhood of b. If W, Cu, ,u,) <0 then 
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For n > 2 suppose the lemma is true for all systems of less 


than n functions. Immediately, therefore, the system {Uj sUys+e-ot ad 
is Descartes on a neighborhood of b. If it can be shown that 


Wy-pUgetger ss 24,) # 0 ona neighborhood of b, then the induction 


hypothesis will imply that f{u,_,u 


5 gece ou} is a Descartes system on a 


neighborhood of b. 
Suppose Wp Og ¥ 322+ +2 Uy) = 0 on every neighborhood of b. 
Lemma 1.8 impies that 
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and the Mean Value Theorem therefore implies that Wino Ugo eee Uy 


x W (ujo+++5u,) is zero on every neighborhood of b. This is a 
n 
contradiction and so Win-pYgere ty? # 0 on some neighborhood of b. 


Since (Uy Ujs:- <5 4! is assumed to be Descartes, Wyn Une 2 Uy) # 0 
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It remains to show that W (uy ogres +24) > Q and Lemma 1.10 
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ys Wap UpeUgerse o_o ot). The objective is to show that Yo is 
a principal system at b and then use this fact to obtain a contradiction 
pe WCUpsUgeree su) <0 ona neighborhood of b. 

The function 4 is positive on a neighborhood of b_ by the 
hypothesis of the lemma. If Y>5 is zero on every neighborhood of b 
then by Lemma 1.8 

Jag ; Wie Uprrrsat IW (yee et) 
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implies that Wag Up ores ot _o)W (uys++- su) = 0 on every neighborhood 
of b, again by the Mean Value Theorem. This however is a contradiction 
and so Y» #0 on some neighborhood of b. 

Since now W, (Uy sy 2+++s4,) #hO SRL OTe tk =F? ee ein=2, the 
induction hypothesis applies to {u,sUys+++,U,_5,u,} and so*itvis also 
Descartes. Therefore Wap Uz etge sss 4y_g ot) > 0 on a neighborhood 
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principal system of solutions at b and it satisfies by its construction 


on a neighborhood of b. However tu, .u 


the induction hypothesis and therefore it is Descartes. This means that 
no UpeUger ss eUy_gs¥-cu_4) > 0 on a neighborhood of b, which is a 


contradiction. This proves that ey is a principal system at b. 
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and ree (y,/y,) =o imply that WCU] Uy seee st) cannot be negative 
everywhere on a neighborhood of b, and since by hypothesis 
Wp Uno eet) has only one sign near b_ that sign can only be positive. 
This therefore concludes the proof of the lemma. 

The main purpose of the lemmas up to this point is to prove 


the next group of theorems. Theorems 1.12 and 1.13 are basically 


Theorem 2.1.0f Levin [4]. 


THEOREM 1.12 Jf the ma order linear differential operator L ts 
disconjugate on (a,b) then there is a prinetpal system of soluttons of 
Lx = 0 at b and any such system is a Markov system on (a,b) and 


a Descartes system in a netghborhood of b. 


Proof. The operator L is disconjugate on (a,b) and therefore, as was 
proven in Lemma 1.5,it is also disconjugate on (a,b]. Further since L 


is disconjugate on (a,b), b is a nonoscillatory endpoint and Lemma 1.2 
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assures the existence of a principal system of solutions at b. Let 


such a principal system of solutions be fu_,u 


1 - suit. ists 


oe 
Wu, sUy5++- 54, ) = 0 at some point to in (a,b) then since 
W, Cap ss++ su, ) (t.) = 0 implies that the columns of the 


Wronskian matrix are linearly dependent there exists constants 
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Now however the last lemma applies and so {u,sU,5-++-5u} is 
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theorem is proved. 

The concept of a principal system solutions was defined for 
both endpoints of an interval (a,b). In the propositions up to this 
point the left endpoint a has been, for the most part, ignored. The 
methods of proof are, however, of such a nature as to apply equally well 
at say aseat by? Therefore if -L is sdisconjugateyon §(asb) there “are 
principal systems of solutions of Lx = 0 at a which are all Descartes 
on neighborhoods of a and which are all Markov on (a,b). These 
principal systems of solutions are of the form UjsUnse++sU SO that 


lim ( / 
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Uy u,) Sp) hail us > O ona neighborhood of a. 


Fundamental Principal Systems 


In connection with principal systems of solutions at both 
endpoints of an interval (a,b) Levin in [4] introduced the concept of 
a Hierarchical Fundamental System. Willett in [10] called such a system 
a Fundamental Principal System and it is this terminology that is used 
here following the example of Muldowney in [5]. 

A Fundamental Principal system of solutions of Lx = 0 on an 
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functions at a means that Z (a) de.) max {23) (im h (£/u,) = 0} 
[ea fe} 


In this connection the next theorem is, except for those parts 
which have already appeared in Theorems 1.12 and 1.13, Lemma 4.1 of 


Levin [4]. 
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Proof. The solution space of the equation Lx = 0 has dimension n_ since 
L is an a order linear operator. Let Xp oXo ore sok, be a principal 
system of solutions for Lx = 0 atband let pa eee caring be a principal 
system of solutions for Lx = 0 at a.For any k, 1<k <n, every element 
in the space spanned by Kp oXo ores eX has at least® n-k* “zercs” at ob. 
Every element in the space spanned by eae hens ogre ies has at least 

k-1 zeros at a. If the intersection of these two spaces is the trivial 
solution then the sum of the two spaces is a subspace with basis 

{x5 sXo ore oR oY ares sV yh » and dimension ntl, of the space of solutions 
of Lx = 0. Therefore the intersection cannot be the trivial solution. 
Let uy be an element in that intersection, uu. %# 0. Then ara > k-1 
and Z (b) > n-k. Since L is disconjugate on [a,b] these inequalities 
can only be equalities. Further since u, can have no zero in (a,b) 


it can be choosen to be positive on all of (a,b). 
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Descartes, making use of Lemma 1.10 it is only necessary to show that 
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that the Wronskian is strictly positive on neighborhoods of a and b. 

The part of the theorem involving the limit of the quotient 
of Wronskiang is proven in Theorem 1.13 and this observation concludes 
the proof. 

This last theorem provides for the existence of a fundamental 
principal system of solutions which is Descartes on (a,b) if L is 
disconjugate on [a,b]. To get the converse of this the next lemma 
Witcheis part of Proposition 5, Chapter [Il of Coppel‘ sibook [1 )]"1s 


useful. 
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zeros there and so the lemma is proved. 


The next theorem appears in the proof of Theorem 4.1 in 


Levin [4]. 
THEOREM 1.16 Jf Lx = 0 has a fundamental principal system of soluttons 
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function f with respect to L in the same way the usual derivatives 
of f£ give the usual zeros of f on (a,b). The generalized derivative 
need only be defined at a and b when they are singular endpoints. 

Two such generalized derivatives have been suggested. Willett 
introduced the idea in [10]. His definition gives a different definition 
for the generalized zeros of a function which is not a solution of Lx = 0. 
ihe UpsUysee eu, is a fundamental principal system on (a,b) for L 


Willett defines the Aas derivative of faa lea 9D 
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To deal with these derivatives he proved the next lemma which 


is found on page 94 in [5]. 
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The limit of the last is 2 so that the lemma is proved for case ii). 
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CHAPTER II 


ABSTRACT 


The purpose of the second chapter is basically to prove the 
theorem of Muldowney mentioned in the abstract by a method which he did 
not use, but which he suggested in the paper in which the theorem appeared. 
The theorem itself is a generalization of the fact that a function with 
a positive derivative on an interval is increasing on the interval. The 
theorem itself has its origin in a paper of Pélya from 1922 where it 
appeared in a somewhat different version without consideration of 
singular points. 

In this chapter the original theorem of Pélya is first given 
recast in the language of Muldowney. Next the changes necessary to the 
proof of Pélya's theorem required by the introduction of singular end- 
points and generalized zeros are prepared and finally the generalized 
form of the theorem is proved. The chapter finishes with the 
presentation of some examples and with Pélya's Mean Value Theorem in 


the generalized sense. 
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CHAPTER II 


A PROOF OF POLYA'S THEOREM 


Background 


In [7], Polya gave a Mean Value Theorem involving a linear 


differential operator. 


theorem to include the case of singular points of the operator. 


gave two proofs. 


just sketched. 


given in detail and the other is simply outlined. 


In Muldowney [5] there are also two proofs. 
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The proof outlined is 


the extension to include singular points of the proof sketched by Polya. 


This chapter is basically a proof of the mean value theorem as formulated 


by Muldowney in [5] and using this alternative method of proof. 
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Thepiirst rowsof thisematrix is just (1,0,¢..,0).5 The expansion of this 
determinant along the first row gives the same thing one gets if one 
evaluates the integral in the statement of the lemma. This is because 
the integration variable occurs in only one column and so the integration 
may be moved inside the matrix and the integration done to the column 
containing the variable before the determinant is evaluated. The 
justification for this is that expansion of the determinant along the 
column containing the integration variable gives the determinant to be 
just a linear combination of the elements in that column the coefficients 
of which are constant with respect to the integration variable. 
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Some Facts About Generalized Derivatives 
Essentially the same proof works in the case that ty or cm 
is an endpoint of (a,b). However in this case the generalized derivatives 


enter and it is necessary to have some more information on these generalized 


derivatives in order to proceed. 
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Assume the lemma is true for all n-j < k and show it is true 


fork n=je=.k.8)0ne has 


Wacky pers Ups 
Re tee 


Car 


Now it is assumed that 


W (uj s+. 


n-k+2 £) 


eels 


lim j 
2 k+2 


eateries ies 


exists in the induction hypothesis. This means that since 


pero Uno? does not change sign in a neighborhood of a, 


perro U pa f) also does not change sign on some neighborhood 


£)/W (u ATS lewis tsetse 


(ujs+ee5u ee 


[Wome n-k+1?’ n-k+2 


= 


monotonic on some neighborhood of a. Therefore [W pret g 


(ujss-e )] has a derivative that does not change sign in 


ees ai ee kt 


a neighborhood of a and so it is monotonic and the required limit 
exists. 
The proof at b is exactly the same. 


This lemma has a useful corollary. 


A : th 3 ; : 
GCOROLUARY 2.4 2f L te a dvecongjugace ~ n order linear differential 
operator on [a,b] andif L£ > 0 on (a,b) and Up sUysee est, ts a 
Decartes fundamental princtpal system of soluttons of L on (a,b) 


then 05) ¢(t) enLe tomfor j0=40,1, Say nalegetee te a,b. 


Proot..) bince Up Ugsee sot, is Descartes on (a,b) the Wronskians 


jas Demirese abot wn 
Bia, i enteel) ¥ 
og dae et ea , wet - 
. i Oe Ba s+ 
> . : ~ 

aidie G64) Gerad utah .ebesyiz sound oottowhur aft a. pralaw 
-& to thinirodtiyyen 5 pings wake Fon wha) ‘epee +h Osage 

boctapaite: lace nc omeh aireds Jon Paar ein  eegeglts © sted gam 

lead et) Macy u, oy Ng bee rata yt ot! woke 3g 
wer, syns saa l® page) sralwl sho bowhoddg ton sane be Locaanam — 
of pein Sgmhis, Jaq’ eek thilg orhzguk-gb & Gatl Spay gb eee es 


* 


gieet hertipet, a1. how stegsenny Ata) oe bie @f %0 beat idgten-s 


40 


Wy (Uys +++ st) and Wee Uae esta? satisfy the requirements of the 
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Polya's Theorem With Singular Endpoints 
Having these facts about generalized derivatives one can prove the 


analogue of Lemma 2.1 in the case of singular endpoints. 
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where S5 refers to generalized derivatives with respect to 
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where Lemma 2.6 has been used. Expansion of this determinant along the 
first row gives the same thing as one gets by working out the integral 

r -l 
driest) ¢eptne conditionathat a #n is required so that (-1) . which 
appears in the last column does not appear in the first row. 


The proof of parts |) 111) andi) ~are exactly asthe proot of 


Lemma 2.1 and part ii). 


v > we 7 
: : 
lo LS 4 ss 


, e 
i 7 
' 
M-,01) | 
igh @ate- \ pti a a4 jeoy z 
(* d ay, 
{ 
: ii aw 4 iv 
t= ¥ 
" ike) eit 
| ot 
Saal 


f 
i tee ' 8 
i? L 


x2 


This completes the proof of this lemma. 
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Suppose now the theorem is true for all Descartes fundamental 
principal systems of order less than n. The proof divides up into three 
cases. 
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dimension Ay cannot be more than n-(k-1). Since it is at least that 
lange it must be that dim Ay ="n-(k-L)= 9 This) completes ithe proos ot 
the lemma. 

This lemma allows for the definition of some new operators 
port el ny be non-negative integers whose sum is k eu 


1 ty 4.3 aS ta =sbinbe elements oflefa.bl. OThenthe 
0, 


seteriG(t) : LG = Z,(t,) Pare ig= 192?8n. cm }ePhaslatbasic 
Geos eis Define Lk by: 

res pee 1 aca ee 

n-k fey Capon Prec) 
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These operators appear in J.S. Muldowney's paper [5] in the theorem 
which will appear here with a different proof. For this proof it is 


necessary to define an operator which is closely related to L 
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the definition of Lk and 0k 

Proof. The first thing is to show that such a function F(t) exists. 

That it does exist is a consequence of a theorem of Pélya ([7], Theorem II, 
page 313). That theorem says there is one and only one solution of the 
equation Lx ="0"%on” (a,b) “assuming “n’ given values at n “given 
Doi GS fin gaa Dope er L, has a Markov system of solutions on (a,b). 

In the case La is disconjugate on [a,b] the proof is particularly 
simple, for since there exists a Descartes fundamental principal system 


St solutions on (a,b), say ou u 


i oe e the n values at n points 


give n equations in n_ unknowns, CysCoseer sls the coefficients of 
the u,(t). These equations have one and only one solution since the 
only solution of the corresponding homogeneous system of equations is 
the identically zero solution. 


In the present case if f has r zeros at a and r, zeros 
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aoe Dae cien Li yu is a Descartes fundamental principal 
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system of solutions for L y= 0 on (a,b); 
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mab 


i = rtl 
il a 


will have the appropriate zeros at a and b. To determine the Cys 


i= rt, see, DT) there are n-(r,tr_) functions pe org pen Orr a 
1 m 
and so the Polya theorem permits ne Cece? values to be assigned in 
(a,b). Here however, one needs k-(r, tr) values to be assigned and 
since k-(r, tx shee n-(rj,tr ) there is at least one choice for the 
ee 


tunction. F(t). 
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by adding suitable multiples of rows to other rows and interchanging 
simultaneously the same pairs of rows in the top and bottom deter- 
minant. In forming the G. multiplication of corresponding rows by a 


nonzero constant leaves the quotient unchanged. The fact that 
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are posttive integers such that ) pee Te <S Gah 
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Lemma 2.10 gives that 06-kE = Li (fF) - Since in this 
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A Corollary: Pdolya's Mean Value Theorem 


COROLLARY 2.12 Jf Li Canal Scongugave On Maso weanoerT alt 7a 1 
times differentiable on (a,b) and has ntl zeros on [a,b] then 


there exists @ ce (a,b) such that LF Cc) = 0. 
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so Pp, (tt > 0 holds for two different functions P,, (t) of opposite 
Sign so that f = 0. The same argument works if it is assumed Li <a) 
with -f replacing f. Thus the Darboux intermediate value property 


gives that Lf Ce) = 0 for some ce (a,b). This concludes the proof 


which is taken as it appears on page 88 as Corollary 2.1 in [5]. 
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originally due to Polya in [7]. 


68 


CHAPTER III 


ABSTRACT 


The last chapter is an application of the main theorem of 
Chapter II. 

The purpose is to illustrate, by means of special examples, 
that if f is n times differentiable and La is disconjugate on 
[a,b] then bounds may be obtained for Me in terms of bounds on 
Li ag My istavlinear dai terentialoperater Ol Ordehas <n O on hacen. 


The examples considered pertain to the cases n=1,2,3 and Lo an 


operator with constant coefficients. 
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CHAPTER IIT 


APPLICATION 


Preliminaries 
In [6], J.S. Muldowney discussed the relationships between 


bounds on differential operators. In that work he used Theorem 2.11 


P : ; : At 
and two of its corollaries to examine the operator given by Loe = 


(4-24) Qra,e”® where hy and Ly are real valued functions. Under 


certain conditions he obtained bounds on f, f'-cf and bf'-f in 


terms of bounds on ~“c,) b \ and Lf where c and b_= are real functions. 


In the case that h, (t) and h(t) are constant he obtained bounds on 


" = ] : 
f p (tt + p,(t)t in terms of Lis has p,(t), P, (t) anda sce 


Z 


where p, (t) and Pa) are real functions. 


In this chapter bounds on f, Mf, M.f and Mf are given 


in terms of operators L., = D-2 L, = (D-2,) (D-£,) and 


iW 1s 
L, = (D-2,) (D-2,,) (D-£4) where has hes and Le are real constants 
and M,; M,> M, are general first, second and third order linear 


differential operators with leading coefficient l. 
To begin it is necessary to have the two corollaries mentioned 
above. These corollaries are Corollary 1.1 and Corollary 1.2 respectively 


of [6], where they appear on page 108. 


ele ‘ . oes 
COROLLARY 3.1 Let L be an n order linear differenttal operator 


which ts disconjugate on [a,b] and let a < t, < te grey ete b be 


m potnre im [a,b]. Let Tyotosseeot be ™ positive integers whose 


sun is less than or equal to n. Suppose f£ ts a function n times 
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and 


P(e IL f(t) — be pet) | |b f/te||1 <0 


where L> t, r, are as in Corollary 3.1 and | | ts the supremum 
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norm on Tae bale 


Further, under these conditions, 
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The next lemma is a remark on page 60 in Levin's paper [4] 


which is there given without proof. 
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disconjugate on (- ~, ~) but not on [- », ~]. 
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(2. =) andi so by Theorem 1.16, Li is disconjugate on [- », ~]. 
The demonstration that Ll ig disconjugate on (- ~, ~) is 


by an,induction.. For mn =)1 the solutions of Lx = QO are 
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ce where c is a constant. These solutions have no zeros unless 


they are identically zero. For the induction assume that for such 
operators the lemma is true for orders less than n, n>1. Suppose 
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© and n-(n-k+l) zeros at - ©. Thus if k, el e has at least 
n= *zeros’on, [—.°f ©], If k, = 1 then a similar argument applied to 


any < such that ee > le will work. 


COROLLARY 3.4 if L, ts as tn Lemma 3.8 then Ly ts dtsconjugate 


on (- os © ] and [= rae oo). 


Proof. This is an application of Lemma 1.5 which gives that Lo is 
disconjugate on the half closed interval if it is disconjugate on the 
open interval. 

To conclude this chapter these preliminaries will be applied 
to a particular first order operator and then a second order operator 
and lastly a third order operator all of which operators are linear 


with constant coefficients. 


Inequalities Involving a First Order Operator 


PROPOSITION 3.5 Let Ly = (D-4,) UETRLEO! = hy a real number and 


let f£ bea differentiable function on (- », ~) such that 
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where Mf = f£' + B(t)f£(t) ts any first order linear differential 


operator. 
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Proof. The function e is a fundamental principal system for L, 


-2£_t 
on (- ©, ~). Let g =-1. Then Ljg = hs 20. Since lim ‘e - g = 0, 
t + © 
aN) > 1 and also by the hypothesis IGE) on 1. Applying Corollary 3:2 


Wath kes 72s th a cha 1 the resulting inequality is 


el < Itgel Clt,ell/lleysl) 


which is |£| < |-1] Cit tll/{ tel) = Cit él l/112,1) and the first 
part is proved. 
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These are the same operator since they both have leading coefficient one 
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This completes the proof of this proposition. 


Inequalities Involving a Second Order Operator 
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operator and M is any second order linear operator. 
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PROPOSITION 3.6 Let L,f = (D-£,) (D-4,) £ where & < %, are real 


numbers. Let £ be twice differentiable on (- ~~, ~) and let 


M, = (D+ B(t)) ad M, = (p° + By (t)D + B,(t)) then 
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in all of these equality noldsvoniy 1f ££ ts constant. 
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4 il 
with Ufeede and u, =e . Again using the expansion of M, and 


M, in terms of uy and Uy and the triangle inequality gives the 
inequalities, in jedi). 


iii) Corollary 3.2 applies here to every interval [a, =], 
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Inequalities Involving a Third Order Operator 


The last proposition in this chapter deals with the third order 
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In the last proposition the function f is assumed to have 
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